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■ Abstract 



We investigate the Banach Lie groupoids and inverse semigroups nat- 
urally associated to W^*-algebras. We also present statements describing 
the relationship between these groupoids and the Banach Poisson geom- 
etry which follows in the canonical way from the W*-algebra structure. 



1 Introduction 

During recent decades the notion of groupoid entered many branches of mathe- 
matics including topology [4], differential geometry in general [13] and Poisson 
geometry [5] in particular as well as the theory of operator algebras [16]. Let 
us recall shortly that a groupoid is a small category all of whose morphisms 
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are invertible. In accordance with [T3] they are "the natural formulation of a 
symmetry for objects which have bundle structure". Nevertheless the role of 
groupoids is not so widely accepted as that of groups. On the other hand the 
theory of Vl^*-algebras (von Neumann algebras) occupies an outstanding place 
in mathematics and mathematical physics [18] . 

Motivated by the existence of the canonically defined Banach Lie-Poisson 
structure on the predual 9Jl* of any VF*-algebra 9Jl, see [14], and by the impor- 
tance of this structure in the theory of infinite dimensional Hamiltonian systems, 
see [T3], we clarify here some natural connections between Banach Poisson ge- 
ometry and groupoid theory from one side and VF*-algebras from the other. 

In Section 2 we show that the structure of any T4^*-algebra 9Jl naturally 
defines two important groupoids U and G (2^) the first of which consists of 
the partial isometrics in dJl and the second, being the complexification of U{DJl), 
consists of the partially invertible elements of 9JI. In this section we also discuss 
canonical actions of 5(9Jt) and on the lattice of projections £(9Jl) and on 

the cone 97t+ of the positive normal states on DJl. In the Theorem 12.91 we show 
that the action groupoid U * 971+ has the faithful representation on the GNS 
bundle E fH+. The Theorem [2 . 1 01 shows that one can consider ll{M)*Mt as 
a subgroupoid of the groupoid of partial isometries W(p(9JT)') for the commutant 
piny of the IV*-representation p : M L°^iL^T{E, Mt)) of Tl in the Hilbert 
space of the square-summable sections for the bundle E — )• . 

In Section 3 we study inverse semigroups which are the subsets of the 
groupoid U{dJl) for various type of VF*-algebras. Such inverse semigroups form 
a class of subgroupoids of U (OT) . In particular we describe the inverse semi- 
groups related to matrix unit inverse semigroups, see Theorem [331 the Clifford 
inverse semigroups (Proposition I3.18|) , and the monogenic inverse semigroups 
(Theorem I3.10p . Finally we discuss the CAR inverse semigroup given by the 
canonical anticommutation relations which has fundamental meaning in quan- 
tum physics. 

The topology and Banach manifold structure of and U{VJl) are de- 

scribed in Section 4. We show here that tJ(9Jl) is not a topological groupoid 
with respect to any natural topology of However the groupoid U{D}1) is 
a topological groupoid with respect to the uniform topology as well as the 
s*(Z^(9Jt), 9Jt*)-topology. Theorem 14. 31 describes the topological structure of the 
action groupoids related to (971). We investigate the complex Banach manifold 
structure on the lattice £(971) and the groupoid 5(971) and show that tj(97l) is 
a Banach-Lie groupoid with £(97t) as its base manifold, see Theorem 14.51 The 
last statement is also true for the groupoid U (971) when we consider it as a real 
Banach manifold, and the groupoid 5(971) is the complexification of Z// (971), see 
Theorem 14.61 

In Section 5 we present several, essential in the present context, statements 
describing relationship between groupoids 5(971) and W(97t) and the canonical 
Poisson structure defined on the Banach vector bundles ^*5(97T) and .4*^(971) 
predual to the algebroids ^5(971) and AU{DJl) respectively. From that wc con- 
clude that in the framework of W^*-algebras theory there exists the natural 
illustration of the deep ideas connecting finite dimensional Poisson geometry 
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and Lie groupoids theory which was investigated in [TT], [T3], PU] . 

2 Groupoids associated to VF*-algebras and their 
representations 

In this section we introduce various groupoids defined in a canonical way by the 
given VF*-algebra 971. We will also describe representations of these groupoids 
on vector bundles related to the algebra 971 as well as to its predual 9Jl*. The 
basic facts from the theory of groupoids one can find in appendix to this paper. 
The detailed presentation of the groupoid theory one can find in [T3] . The part 
of the theory of PF*-algebras indispensable for the subsequent investigations is 
given in [18] and [19]. 

By W(97l) we shall denote the set of all partial isometries in 971, i.e. u G U{D)l) 
if and only if u*u € >C(97T), where £(97t) is the lattice of orthogonal projections 
p = p* ^ p'^ £ M. For X e M one defines the left support l{x) e £(971) 
(respectively right support r{x) e £(971)) as the smallest projection in 971 such 
that l{x)x = X (respectively x r{x) = x). li x — x* then l(x) = r(x) =: s{x) 
and one calls s{x) the support of x. Let 

x^u\x\ (2.1) 

be the polar decomposition of x, where u G W(97t) and G 971+ := {x G 971 : 
X* = a; > 0}, see [IS] . Then one has 

l{x) ^ s{\x*\) =uu*, ^2 2) 

r(x) — s{\x\) — u*u. 

In this paper we will denote by G{p'^p) the group of all invertible elements 
of the M^*-subalgebra p97lp C 97t. In particular if p = 1 then G(97l) wiU be the 
group of all invertible elements of 971. Similarly by U{p^fftp) and t/(97t) we will 
denote the groups of unitary elements of p'Sflp and 971. 

For any x G 971 one has |a;| G p97lp, where p = s(|a;|). Let us define the subset 
g{m) C 971 by 

^(971) {a; G 971 : |x| G G{p^p), where p = s{\x\)}. (2.3) 

Equivalently, x belongs to tj(97l) if the left multiplication by |x| defines a 
right 971-module isomorphism 

-.pM ^ pM (2.4) 

of the right ideal p97t. 

Proposition 2.1. The subset g{^ffl) C 971 has the canonical structure of a 
groupoid with £(97t) as the base set. The groupoid structure o/CJ(97t) is defined 
as follows: 



3 



(i) the identity section e : /!(SEH) ^ G{^) is the inclusion; 
(a) the source and target maps: s, t : G{^ffl) — > £(9Jl) are defined by 

s{x) :— r(x) — u*u and t(x) :— l{x) — uu*; (2-5) 

(Hi) the product 

g(9Jl)(') 9 xy eGim) (2.6) 
071 the set of composahle pairs 

:= {{x, y) e g{m) X g{m); s{x) - %)} 

is given by the product in the W* -algebra 971; 
(iv) the inverse map l : C/(9Jt) t/(37l) is given by 

i{x) -.^ \x\-\*, (2.7) 
where u and \x\ are defined in the unique way by the polar decomposition 

KB- 



Proof. Since e : £(971) ^(OT) is inclusion the maps t : ^(971) £(97t) and 
s : t/(97t) £(97t) are surjective. 

From xs{x) — x one has yxs(x) = yx. This gives s(yx) ^ s(x), where " ^ " 
means lattice order in £(971). Using r(y) = t(2/)2/ — l{x) and i{y)yx s{yx) = 
i{y)yx we obtain x s(yx) = x. Thus we have s(a;) ^ s{yx). This shows that 
r(yx) = s{yx) = s(x) = r{x). In a similar way we show that liyx) = l{y). 

The associativity of the product (|2.6p follows from the associativity of the 
algebra product. 

Using dm and we get 

l(x)x — e(s(a;)), 

xl{x) = e(t(a;)), , , 

s{x)^t{L{x)), ^^-^^ 

t{x) — s(t(x)) 

for X G ^(971). The above proves the groupoid structure of ^(971). □ 

From now on we will call Q (971) the groupoid of partially invertible elements 
of the VF*-algebra 971. 
Since 

\x*\=u\x\u* (2.9) 

we see that the groupoid ^(97T) is invariant with respect to ^-involution. Thus 
from the definition of the inverse map l : t/(97l) — > t/(97l) follows that the 
involution J ■.g{dR)^ g{m) defined by 

J{x) := L{xy = l{x*) (2.10) 
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is an automorphism of the groupoid C/(fOt). We note also that the set of fixed 
points of J : g{m) g{M), i.e. 

{ueGim): J{u)^u} (2.11) 

is the set U{dJV) of ah partial isometries of the VF*-algebra DJl. From the above 
we conclude the following 

Proposition 2.2. The set U{^ffl) of partial isometries m SJl is a wide suh- 
groupoid of the groupoid Q (9Jt) . 

The other important wide subgroupoid of t?(2)T) is the inner subgroupoid 
J(2T) C g{m) defined by 

J{m):= U (s-i(p)nt-i(p)). (2.12) 

pec{m\) 

It is a totally intransitive subgroupoid and one can consider it as a bundle 
s : J{m) C{m) of groups s-^(p) f] t-^{p) = G(p97lp) indexed by p e C(m). 
One has also the action / : g{m) * ^^(971) ^ J{m) of g{m) on J{m) defined 

by 

I^y := xy l{x) (2-13) 

for {x,y) G g{m)*J(m) -.= {ix,y) e g{m)xj(m) r{x) = s{y)}. This action 
is called the inner action. Note that the moment map for the inner action is the 
support map s : J'{'lOV) — ^ £(9Jl). Since for y e J'(OT) one has s{y) — l{y) — r{y) 
one can consider the lattice of projections £(SDt) as a subgroupoid of J'(9Jl) 
invariant with respect to the action / : fj(97l) * J{Wl) — > J'(9Jt). So, the inner 
action ((^1^ defines the action / : ^(971) * C{m) C{m) of the groupoid 
C/(9Jl) on the lattice £(9Jl). The moment map for this action is the identity map 
id : £(971) ^ £(971). 

The groupoid structure of t/(9Jl) allows us to define the principal bundles: 

t : s-i(p) -> Op ^^-^^^ 

over the orbit Op := {xpL{x) : x S s~^{p)} of the inner action / : tj(97l) * 
£(97t) £(97t) of g{m) on the lattice £(971). The structural group for the 
principal bundles (|2.14p is the group G(p97lp). 

The inner action (|2.13l) defines the equivalence relation on £(97t): 

pr^q iff qeOp, (2.15) 

for which the equivalence class [p] is the orbit Op generated from the projection 
p e £(971). Let C{p) := {q e £(971) : q p} c £(971) be the lattice ideal of 
the subprojections of the projection p e £(97t). One has the canonically defined 
relation -< on the set of equivalence classes of the equivalence relation (|2.15p . 

[q] -< [p] iff y £(g') c U Cip'). (2.16) 

q' e [q] p' e [p] 

From Proposition 12.21 we conclude 
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Corrolary 2.3. The inner actions ofQ{DJV) andL{{DJV) on C(dJV) have the same 
orbits. 



Therefore one can define the equivalence relation (|2.f 5p and the relation 
(PIB taking U{m) instead of ^(971). 

Proposition 2.4. The relation -< defined in h2.16\) is a order relation on the 
set of the inner action orbits of groupoid Q(dJt) on C{D}1). IfDJlisa factor then 
this order is linear. 

Proof. Let us denote by max[p] the set of maximal elements of the orbit Op. 
Since C(j)) C C{q) iS p ^ q we have Up'emax[p] -^(p') = Up'^ip] ^(p')- Thus 
[p] -< [q] and [q] -< [p] iff Up'eb) ^(p') = Ug'e[<;] ^i'^')- From the above it follows 
that p' G C{q') for some q' G max[q]. Since p' G [p] and q' G [q] are maximal 
elements of the orbits we obtain [p] — [q], i.e. the relation -< is antisymmetric. 
The proof of rcflexivity and transitivity of the relation -< is trivial. 
In the factor case the linearity of order relation -< follows from Comparability 
Theorem, e.g. see [H], [H]. □ 

The equivalence relation ()2.15|) is fundamental for the classification of W*- 
algebras, see [18], [19]. So, the problem of classification of Z//(9H)-orbits on £(971) 
is strictly related to the Murray and von Neumann classification of M^*-algebras. 
The reason is that the inner action / : W(9Jt) * £(9Jt) — ^ £(9JT) preserves the 
lattice structure of >C(9Jt), i.e. for any {u,p) G I4{d)l) * £(971) the maps 

/„ : £(p) ^ Ciupu*) (2.17) 

are isomorphisms of the lattice ideals. In particular if the projection z G £(971) n 
Z(97t) is central, where Z(97l) is the center of 97t, then the lattice £(2;) — £(z97t) 
is preserved by the inner action. This allows us to reduce the classification of 
Z^(97l)-orbits on £(97t) to the classification of Z^(97l)-orbits for the case when 971 
is a factor. 

In the subsequent part of this section we investigate the representations of 
the groupoids on the vector bundles which are given by the structure of the 
W*-algebra. 

Let us begin by briefly explaining that what one understands by represen- 
tation of the groupoid is a direct generalization of the notion of group repre- 
sentation in the vector space. However for groupoids one takes a vector bundle 
instead of the vector space. For the purposes of this paper as a rule we as- 
sume that the fibres 7r~^(m), m G M, of vector bundle (E, M, tt : E M) 
under consideration will be not necessary isomorphic. In consequence of that 
the structural groupoid t/(E) of this bundle would be not necessary transitive 
on base M. 

Recall, see also [13], that the structural groupoid G{^) consists of linear 
isomorphisms : E^ — >■ E„ between the fibers of tt : E ^ M. The base of 
G{E) is the base set M of the bundle. The source map s : Q{E) M and 
the target map t : t?(E) — )• M are defined by s{e^) := m and t(ejjj) := n 
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respectively. The inverse map is given by L{e^) :— {e^n)~^ and the identity 
section by e{m) := id^. Finally the product of isomorphisms e™ : E/ ^ 
and ejjj : E^, ^ E„ is given by their composition ej^ o e™ : E; ^ E„ . 

Usually one investigates vector bundles with some additional structures. Fur- 
ther we will consider cases when the fibres of tt : E — M will be provided with 
these structures. For example such as: Hilbert space structure, VF*-algebra 
structure, lattice structure or H^*-algebra module structure. 

Let G be a groupoid with base set B. One defines the representation of G 
on the vector bundle tt : E — > M as a groupoid morphism: 



G 



a(E) 



(2.18) 



B 



M 



of G into the structural groupoid G(E) of the bundle. 

After these preliminary remarks let us consider the following two actions of 
g{m) on the M^*-algebra M: 

(i) the left action L : g{m) ^iM-^m defined by 

L,y := xy (2.19) 
for (x, y) e gm n M ■■= {{x, y) e g{m) X M; r{x) = l{y)}- 

(ii) the right action i? : ^(SDt) ^ defined by 

RxV := yx (2.20) 

for (x, y) £ g{m) *r m := {{x, y) G g{m) X m; l{x) = r{y)}. 

The moment map /i : 931 — ^ £(ftt) (see Appendix C) for the left action L 
(the right action R) is the left support map ^ := / : 931 — )■ £(9Jt) (the right 
support map ^ r : DJl £(93t)) defined in (|2.2p . Since the both actions are 
intertwined by the inverse map, i.e. 



(2.21) 



we will restrict ourselves to the left action only. All statements concerning the 
right action R : C/(9Jt) *r 93t — > 93t we obtain converting statements for the left 
action L by ([Mil)- 

Let us take p, q E £(9Jl). According to the commonly accepted notation 
by tJ(97l)^ we denote the set t^^(q) n s^^{p). For any p £ £(931) one has the 
following inclusions: 

s"^(p) C r^^ip) C Mp 
t-i(p) C l-\p)cipm 



(2.22) 
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where DJlp is the left (right) W^*-ideal generated by p. Note here that 

s = 'rle(OT) and t = l\g(m)- 

Now we consider the bundle tt : A4r{DJI) — )• £(SDT) of right SDT-modules over 
the lattice £(9Jt) with total space defined by 

MR{m):={{y,p)€TlxjC{Tl): p r{y) = r{y)} (2.23) 

and bundle map tt := pr2 as the projection on the second component of the 
product 971 x £(971). The fibre 7r~^(p) over p e £(971) is the right ideal pDJt of 
971 generated by the projection p. Any element x G G{DJl)^ defines by the left 
multiplication an isomorphism : p97t ^ g97l of the right 971-modules, i. e. 

L,{ay) = L,{a)y (2.24) 

for a € p97l and y E 971. The 971-module isomorphisms L : p97l qdJl, where 
p,q & £(971), form the groupoid tJ(Al_R(97t)) of structural isomorphisms of the 
fibers of the bundle tt : Mr{9}1) — >■ £(97t). One can show that L = for some 
X e 5(971)*. Thus we have the following statement: 

Proposition 2.5. The structural groupoid Q{M.r{^)) of the bundleir : M.r{OJV) 
£(97t) is isomorphic to Q{DJl). 

Replacing Mr{^) by A^L(97t) and the action x ^ hy the right action 
X ^ Rx, where x e 5(971), we obtain the anti-isomorphism of 5(971) with 
5(A^l(971)). Using the above two representations we obtain a representation of 
5(971) on the bundle tt : ^(971) -)> £(97t) of the iy*-subalgebras of 971 with total 
space ^(9Jl) defined by 

yt(97t) := {(y,p) e an X £(971) : y G p97lp} (2.25) 

and the bundle map by tt := pr2- The morphism I : 5(971) 5 (-4(971)) of 
5(971) into the structural groupoid 5(-A(97t)) of the bundle tt : A(m) £(971) 
is defined as follows 

4 := i?.(x) ° : pOnp qOnq, (2.26) 

where x G 5(97t)«. 

Note here that J{dyt) C ^(9H) and the action / : 5(971) * A{dJt) A{m) is an 
extension of the inner action / : 5(971) * J{M) J{M). For u € W(97T)« we 
find that /„ : p^Xftp — )■ q^Xftq is an isomorphism of VF*-subalgebras of 971. Thus 
we have 

Proposition 2.6. The inner action I : ZY(97t) * .4(971) A{OJl) of the partial 

isometrics groupoid U (971) on .4(971) preserves the positivity, normality, selfad- 
jointness and the norm of the elements of the fibres o/ .4(971), i.e.: 

(i) \Iux\ = Iu\x\, 

(a) XX* = x*x iff {Iux)*{Iux) = (J„x)(J„x)* 
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(in) X — X* iff (lux)* = luX 
(iv) \\Iux\\ = \\x\\ 

for {u,x) eu(m)*A{m). 

Let 3Jl+,9Jt'' and 9Jt" denote the sets of positive, selfadjoint and normal 
elements of 9JI respectively. Let S be the sphere in 931, i. e. x € 5 if and only 
if = 1. We conclude from Proposition 12.61 that the subsets ^/(QH) n 
J{m) n m'', J{m) n an", J{m) n S and J{m) n U(m) are invariant with 
respect to the inner action / : U{^) * J'(fl) — Ji^Jl). Let us also note that 
the lattice of projections £(StJl) consists of the extreme points in 931"'" n S, e.g. 
see P^ . 

Theorem 2.7. T/ie actions L : U{M) ^iM ^ M and R : U{m) ^ ^ 

defined by \2.19\) and \2.20\) are free. Their orbits are indexed by elements of 
the cone SUt^ of positive selfadjoint elements of 971. 

Proof. Since left and right actions are intertwined by the inverse map (|2.7p it 
is enough to consider the case of the left action L. Let us assume that there 
are elements ui, U2 € lA{dJl) such that y :— uix — U2X for u\ui — vv* — U2U2, 
where v G £(931) is defined by 

a; = i;|a;|. (2.27) 

Since = y*y = x*uluix — x*v*vx = x*x = \x\'^ we have y = uiv\y\ = 
U2v\y\. Thus from the uniqueness of the polar decomposition (|2.ip we obtain 
uiv = U2V. The above gives ui — = uivv* = U2vv* — U2U2U2 = U2. So, 

the left action L is free. 

Taking the polar decomposition x = v\x\ of a: G 9Jt we obtain that v*x = 
v*v\x\ = \x\€m+. So any orbit ofl({m) intersects 9«+. lix,y (z0^nm+ 
then X = \x\, y = \y\ and \y\ = u\x\ for some u G U{dJl). Thus from uniqueness 
of the polar decomposition we obtain a; = |a;| = |?;| = y. □ 



For the sake of completeness and the further applications let us consider the 
actions 

: u{m) n, wi, ^ , . 

: u{m) 931, ^ ' 

of U{Wl) on 971, which are predual to the actions L : U{DJl) x 971 ^ 93t and 
i? : Z^(97t) X 971 ^ 971 respectively. 

Refering to 1^9\ we recall, that the left predual action i, : 971 x 97t, — > 971, 
(respectively the right predual action i?, : 971 x 971, — ^ 971,) of M^*-algebra 971 
on the predual Banach space 971, is defined by: 

{x,Lf,aUj) {xa,uj) (respectively (a;,i?,aw) := {ax^uj)) (2.29) 

for any x £ 971, where a S 971 and u E 971,. So, one has 

(i*a)* = Ra, and (i?,a)* = La- (2.30) 
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For any element uj £ 971* one takes the closed left invariant subspace [9Jlcj] C 971* 
(respectively the right invariant subspace [w9H] C 971*) generated from w by the 
left (respectively right) action of 971 (g^. The annihilator [97tw]" C 971 of 
the Banach subspace [971a;] C 971 is the right VF*-ideal in 971. Similarly the 
annihilator [a;97l]" C 971 of the Banach subspace [w97t] C 97t is the left W*- 
ideal in 971. Thus there exist the orthogonal projections e, / € 971 such that 
[97tw]" = e97l and [a;97l]'' = 971/. The projection e is the greatest one of all 
the projections q € 971 such that = 0. Similarly the projection / is the 

greatest one of all the projections q G 971 such that L^qUj — 0. Thus one defines 
the map 

r*(w):=l-e (2.31) 

and 

h{uj) :=!-!, (2.32) 

where (1 — e) and (1 — /) are the least projection with the property i?*(]^_g-)aj — uj 
and L*(i_/)Cli = uj respectively. The projections r*(w) and l*(w) are called, 
respectively, the right support projection and the left support projection of 
UJ G 971*. It follows from the polar decomposition (e.g. see ,19, ) 

UJ = L^,y\uJ\ (2.33) 

of w e 971*, where v e U{m) and |a;| e 971+, that 

7\{uj) — v*v and l^{uj) = vv* . 

Considering r* : 971* — > £(971) and Z* : 97t, — > £(97t) as moment maps we 
define the actions (|2.28p by 

t/(9n) 97t* 9 (u,w) i?*„w e 97t* (2.34) 

and 

U(m) *u ^* 9 (w, w) ^ L^^uj e 97t*, (2.35) 

respectively, where 

Kim) 97t* = {(w,w) e U{m) X 97T*; t(M) = uu* = r*(w)} 

and 

Kim) *i. 9Jt* = {{u,uj)€U{m) X 97t*; s(u) = u*u = /*(w)}. 

Let us define the bundle tt* : yl*(97l) £(971) predual to the bundle of the 
VF*-algebras tt : A{dJl) — > £(97t). In this case the total space is the following 

A (971) {(a;,p) G 971* x £(971) ; r*(a;) =p r*(a;) and /*(a;) ^ hXuj)p} (2.36) 

and the bundle map tt* is the projection of {uj,p) E 97t* x £(971) on the second 
component. Note that one can identify the fibre tt^^{p) = (i?*p o L*p)(97t), 
p e £(971), with the Banach space (p97tp)* predual to subalgebra p97lp. 
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We define the predual inner action 

: g{m) * A (971) ^ (2.37) 

ofthegroupoid^;(9Jt) on A(97l) where ^(9Jl)*A(a'^) := {{x , {uj , p)) : s(a;) ^ p} 
and the bundle map tt* : y^*(3Jl) — >■ £(971) is the moment map. 

Now we define the following subbundles of tt, : ^,(971) — > £(9Jl). The 
subbundle tt* : J* (971) — > £(971) whose total space is defined by 

J,{m):^{{uj,p)eA.{m): U{uj) ^n{uj) ^p}. (2.38) 

The subbundle of selfadjoint normal functionals tt* : A'^{Dyt) £(971) for which 
the total space is 

{(w,p) G A(97l) : uj* = uj}. (2.39) 
The subbundle of positive normal functionals tt* : yl+(97l) — ?► £(971) with the set 
^+(971) := {{uj,p) e A(97l) : uj* =uj>0}. (2.40) 
as the total space. 

When we restrict the action (|2.37p to subgroupoid U (971) C G (971) we obtain 
the following statement. 

Proposition 2.8. For the predual inner action /, : Z^(97t) * ^*(97t) — > ^*(97l) 
of the partial isometries groupoid L( (DJl) on y^*(97l) one has: 

UJ = ljJ* iff (/*tiCj)* = (2-41) 

\\h.M\ = M (2.42) 

(2.43) 

for {u,{uj,p)) e W(97t) * A(97T), i.e. the subbundles (f05|] . [S^J^ I, (MM> are 

invariant with respect to this action. 

Proof. In order to prove (I2.4ip we note that for lu £ tt~^{u*u) we have {to* , x) := 
{uj,x*), where x e 971, so we obtain 

Thus and from = a; we have that lu = lo* iS (/^^cj)* = 

Since ||u|| = 1 and L^u'u'^ — ^ one has 

||L™c^|| ^ llc^ll ^ |lL,„c^|l . (2.44) 

Similarly we prove that |ji?,„a;|| = ||a;j|. Thus we have (|2.42p . 
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Let us assume that 971* 9 w ^ then for any x E 971"'" one has u*xu G 97t+ 
and 

{hu^, x) — (w, u*xu) ^ 0. 
Thus we find that /^uiuj ^ iS u ^ 0. If = w* then for any x G 9Jt we have 

{{It,uUj)*,x) = {uj,u*xu) = {uj* ,{u*xu)*) = {huijJ*,x). 

The above shows that inner action commutes with conjugation operation. 
Let us take the polar decomposition of a; G 7r~^(u*u) 

UJ = L^^\uj\. (2-45) 

We note that the polar decomposition of G ■k~^{u*u), where v*v ^ u*u 
and vv* ^ u*u, is given by 

/♦uO; = Lut™* 1-^*11 1^1 • (2.46) 

From ((2:461) it follows that 

|/»tjCLi| = L(„j,„*)./,„a;. 
Thus for any a; G 971 we have 

= {lU , U* XUV* U* u) — {ll!,U*XUV*) = {L^yi-LO , U* Xu) ~ {\ll!\^U*Xu) = 

= {hu\^^\,x). 

Thus we obtain (^US^ □ 

Now basing on GNS construction we define the pre-Hilbert bundle tt : E -> 
971+ over the cone of the positive normal states 971;^". The total space E and 
bundle projection we define as follows 

E {(a;,w) G 971 X 97t+ : xs^uj) = x} (2.47) 

and TT pr2\E. 

Since for uj G 971+ one has = n^^{uj) = 97ts,(aj) the scalar product 

E^^xE^ 3 {x,y)^ {x\y)^ -.^ {uj,x*y} G C (2.48) 

is non degenerate. Thus it defines the pre-Hilbert space structure on E^. Note 
here that {lu, x*x) = if and only if a; G 971(1 — s,(w)). 

Completing E(^ with respect to the norm ||x||^ := {uj^x*x)^ we obtain the 
bundle 7f : E — >■ 971+ of Hilbert spaces. Since for the clear reasons we will call 
this bundle the GNS bundle. 
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Theorem 2.9. One has a faithful representation 

u{m) * mt — - — - ^^(1) 



id 



(2.49) 



mi 



of the right action of groupoid U(dyi) * OTj on the GNS Hilhert spaces bundle 
7f : E — with the fibres isomorphisms (l>{u, iv) : E^^ — > E/.^^j defined as 
follows 

(j){u,uj){xs^,{uj),uj) :— {xs^,{ijj)u* , I^,u(^) (2.50) 



Proof. The following sequence of equalities 

{4>{u, cj)a;s* {uj)\4){u, uj)ys^ (w))/.„„ = 
= {huOJ,{xs^{u})u*)*ys^{u})u*) = 
= (uj,u*us^:{u!)x*ys^,{u!)u*u) = 

= {uj,{xs^{uj))*ys^{ijj)) = {xs^{uj)\ys^{uj))^ 



(2.51) 



shows that (I){u,lu) : — > E/^^i^ extends to isomorphism of Hilbert spaces. 

For elements {u,uj), {v, A) e Z^(9Jl)*9Jt+ such that t{v) ~ s{u), i.e. oj = /*„A 
we have 

4){{u,uj){v, X)){xs*{X,)X) = (l){uv,X){xs^{X),X) = {xs^{X){uv)* , huvX) = 

= 4>{u,uj){xs^{X)v* , huX) = {4){u,uj) o ((/)(u, A))(a;s*(A), A)) 
for any (xs*(A), A) G Ea. Thus we obtain 

0((u, w)(«, A)) = c^{u,u) o 0(^;, A). (2.52) 

We recall that (u,a;)(v, A) is the product of {U(m) * S[«+)(2) defined by (|6TT|) . 
One can easily check that for (f>(u,Lu) and 4>{u*, I„iUj) we have 

{(j){u* , I^^u^) o 0(w, aj))(xs,(aj), oj) = (/)(m*, /»„aj)(xs,(aj)M*, /»„a;) = 

= (a;s,(a;)u*u, /,„.„Cl;) = (a;s,(aj), oj) 
for any (xs*(aj),aj) G E;^. The above shows that 

(/)(u*,/,„w) o 4>{u,uj) = id|E^- 

In the similar way we prove that 

4){u, uj) o (j){u*,hu^^) = id\Ei^^i^. 

Thus we get 



((/)(u,w)) 0(w*,/,„w). 



(2.53) 



13 



For any e U{dJl) * 97t+ one has 

[id o s)(u, uj) — id{uj) — u, 
{idot){u,Uj) — id{I^,ui^) = I*u^ 

and 

(s o (j)){u,uj){xs^,{uj),uj) — s(0(m, aj)(xs*(cj), oj)) = uj, 

(t o (j)){u,uj){xs^,{uj),bj) = t{4i{u,uj){xs^,{uj),uj)) — /*„a;, 

which shows that id o s = s o (j> and id o t = t o 0, i. e. the diagram (|2.49p is 
commutative. The above shows that is a groupoid morphism. 
From 

0(w,a;) = (2.54) 

we find that 



s*(a;) = u*u = u'*u' = s*(ti;') (2.55) 



and 



xst{u!)u* — xs^,{u!)u'* (2.56) 
for any x E Setting x — s*(w) in (|2.56l) we prove that from (|2.54p it follows 

{u,uj) = {u',uj'). 

Thus (f) is the faithful morphism of groupoids. □ 

In order to obtain a faithful W*-representation of fH, see [18], we recall that 
Eui is a left W*-ideal of 971. Hence one has W^*-representation pZJ : OK L°°{Eui) 
of 9JI in the iy*-algebra of bounded operators on Hilbert space E^^, defined by 
the continuous extension of 

Puj{x)ys^{uj) -.^ xys^{uj), (2.57) 

where x S 9Jt and 2/Sh.(cj) G E^. 

Let us denote by L'^r(E, OT+) the Hilbert space of square summable sections 

11^(^)11' <oo (2.58) 

of the GNS bundle. 

The direct sum 

a: (2.59) 

is a faithful VF*-representation p : M ~> L°°{L'^r{E,^m+)) of M in the Hilbert 
space i^r(E, 971+). Recall that the *-homomorphism of M^*-algebras is a W*- 
homomorphism if it is a map (f> : DJli — >■ 9Jt2 continuous with respect to the 
(t(S!JIi, S!JliH.)-topology and cr (9Jt2, 97^2* )-topology. 

Let p{My be the commutant ofp{m) in the operator algebra L°°{L'^r{E, 9Jt+)). 
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Theorem 2.10. There exists a groupoid monomorphism 

A:U{m)*mt ^Uipi'XHy) (2.60) 

of the action groupoid U{dJl)*dytf into the groupoid of partial isometriesUiji{pR)') 
of the W* -algebra p(my . 

Proof. Any element e G(^)'^l C G{^) of the structural groupoid which 
maps e'^l : E^^ — >■ E^^ has the extension to a partial isometry of the Hilbert 
space L2r(E,97l+). Since Hilbert subspaces E^^ and E^^ of L'^T{E,mt) are 
invariant with respect to the representation p we conclude that e'^^ G W(p(97l)'). 
Hence we obtain a monomorphism t : G(E) ^ U{'p{dJiy). Thus Proposition l2.9l 
implies that A = t o (/) is a groupoid monomorphism. □ 

Finally let us note that the projection 

pri : u{m) * $H+ ^ u{m) = u{-p{my) (2.61) 

of ^(971) * 971+ on the first component of the product U{^) x 9}T+ defines a 
morphism of the groupoids. The map (|2.6ip is an epimorphism of groupoid if 
and only if 9Jt is a a-finite M^*-algebra. 

3 Inverse semigroups in hl{dK) 

Usually one finds in specialized papers the constructions of the operator algebras 
from the representation of given inverse semigroup. See for example |16j . where 
also one can find other references. Here we will follow conversely obtaining 
inverse semigroup from given T/F*-algebra. 

Let us recall that the inverse semigroup is a semigroup S in which for 
each element s d S exists a unique element t ^ S such that 

sts = s tst = t. (3-1) 

The element t is denoted by s* and the map s — )■ s* is involution on S. An im- 
portant role plays the subset E(S) C 5* of idempotents of the inverse semigroup 
S. Its easy to check that for any s & S elements ss* and s*s belong to E{S). 
For any elements e, / G E(S) we have e — e* and ef — fe. 

It is a well-known fact in the theory of the inverse semigroups, which follows 
directly from the Vagner-Preston theorem [9], that any inverse semigroup S is 
composed by the partial isometrics in the Hilbert space 1^{S), see [16]. On the 
other hand any W*-algebra 971 is also realized by bounded operators in some 
Hilbert space H, i.e. 97T C L°°{T-L). These facts motivate us to investigate the 
inverse semigroups which are composed by partial isometrics of M^*-algebra, i.e. 

S C u{m). 

Remark 3.1. The product uv of two partial isometrics it, w G Z^(97t) is a partial 
isometry if and only if the initial projection of u and the final projection of v 
commute, see 
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Let us assume that partial isometries u,v E S satisfy property p.ip . Then 
one has 

A*** ***** /or\\ 

u = u uu = u uvuu — u uvv vv vuu = (•J-^J 

= vv*u*uvuu*v*v = v{v* {u*uu*)v*)v ~ V. 

The equality (I3.2p shows that for S C U{VJl) the element v inverse to u in sense 
of (|3.ip is unique and it is defined as u*. 

So, let us assume that S C OJl. Hence the set E of idempotents of S is given 
by = s(5) = t{S) C C{m) and S C U{E) where 

:= s"i(£;) n t"i(i;) (3.3) 

is the full subgroupoid of the groupoid of partial isometries UiVJl). Since the 
product uv in S is defined for all {u,v) d S x S it is defined also for (u, v) G 
5(2) = : s{u) = t{v)}. Therefore, the inverse semigroup S C hl{E) C 

Z^(9Jt) can be considered as a subgroupoid of the groupoid (971). In this context 
the question when hi{E) is the inverse semigroup arises. 

Proposition 3.2. The subgroupoid IA{E) complemented by {0} is an inverse 
semigroup if and only if: 

(i) for p,q E E one has pq = qp (z E, 

(ii) for u e IA{E) and p Cz E one has upu* E E or upu* = 0. 

Proof. Let us assume that U{E) is an inverse semigroup. Then E C U{E) 
consists of idempotents oiU{E) and is a commutative subsemigroup oiU{E). 
lip e E and u e U{E) then up e U{E). Thus upu* = up{up)* € E. 

Now, let us assume that properties (i) and (ii) of the proposition are valid. 
Then for u, w e U{E) we have 

uv{uu)*uv — uvv*u*uv — uu*uvv*v — uv. 

So, uv is a partial isometry and uv(uv)* — uvv*u* G E. This shows that 
uv£U{E). □ 

From the Proposition 13 . 21 we conclude: 

Corrolary 3.3. The partial isometries groupoid U {dJt) is an inverse semigroup 
if and only if W* -algebra DJt is abelian. 

Proof. liU{'OJV) is an inverse semigroup then the lattice £(971) is a Boolean one 
and pq ~ qp for p,q G C{DJl). From this and from the spectral theorem we 
obtain that 971 is an abelian VF*-algebra. If 971 is abelian and u,v £ U{'dJl) then 

uv{uv)* uv — uvv*u*uv = uu*uvv*v — uv. 

It means that U{Dyt) is closed with respect to multiplication, i.e. uv € ZY(9K). 
So, U{DJl) is an inverse semigroup. □ 
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Example 3.1. Let us consider a family {pi}iei of mutually orthogonal projec- 
tions piPj = SijPi in 2Tt. We define Uij := t^^{pi) n s~^{pj), i.e. Uij G iff 
u*jUij — pj and UijU*^ = p^. So, for u.^ e and w^i € Uki one has 

Wfei = SjkUtkUkl (3.4) 

and 

<, e U,,. (3.5) 

In the case when Uij = we will assume in (13. 4p and (|3.5I) by definition that 
Uij = 0. Concluding we see that U{E) U {0}, where E — {pi}iei, is an inverse 
semigroup. 

As a specialization of the above abstract example of the inverse semigroup 
let us take / = m+ and define U^j'uj U{m)'^' for uj,uj' S 9Jt+. Here we 
consider U{^)'^ as a set of partial isometrics in Hilbert space L'^r(E, dJlf), see 
definition ([^3^ . 

Example 3.2. Let Vij C Uij be such that Ui je/^i U {0} is closed with re- 
spect to (|3.4p and (|3.5p . Then IJi je/ ^ {0} is the inverse subsemigroup of 
^(tel.e/) U {0}. 

Example 3.3. In the case when Vij are one element subsets we will denote 
the inverse semigroup IJ- -^j Vij by V({pi}ig/). Note also that V{{pi}i^i) is the 
(J X /)-matrix unit in p9Ttp, where p — J^ieiPi- For the definition of the (/ x /) 
- matrix unit see e.g. [TU], [H]. In the below we will call V{{pi}i£i) the matrix 
unit inverse semigroup. 

The notion of the (/ x /) - matrix unit plays an important role in studying 
of VF*-algebra structure for particular of I type W^*-algebras, e.g. see jlO] . 
Recall that for any central projection z of a VF*-algebra DJl of type I one has 
decomposition z — S^g/Pi given by a family of mutually orthogonal, 

equivalent abelian projections. The cardinal number a :— (J/ does not depend 
on a choice of Hence we conclude that for any a-homogeneous direct 

summand zDJl of the I type VF*-algebra 371 one has abelian (/ x /)-matrix unit 
inverse semigroup V{{pi}i£i). The inverse semigroups V{{pi}i^i) arc isomorphic 
for different choices of the decompositions z = Tii^ipi. 

Let Bpart{I) be the inverse semigroup of partial bijections of the set of indices 
/ which appeared in the above examples. Let 3{I) C Bpart{I) be the subset of 
partial bijections ip : A —i' B, where A,BcI, such that 

U^i^)^ ^ 0- (3.6) 

for each i £ A. 

We denote by U{I) C U{VJl) the subset of partial isometrics defined by 

:= (3.7) 

where w<^(i)i G U^{i)i. 
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Theorem 3.4. (i) The subset U{I) CU{dJV) is an inverse semigroup of par- 
tial isometries. 

(a) The subsemigroup E of idempotents of hi {I) is a semilattice of orthogonal 
projections which are defined by 

Pa:^Y.P,, Ac I. (3.8) 

(Hi) The map 

(f>:U{I) 3 u^-^ip£3il) (3.9) 
is a surjective morphism of the inverse semigroups. 

Proof. (i) Taking another partial bijection ip: C—?'DoiC,DcI and the 
corresponding partial isometry we find that 



uec / \ieA ) 



where 
and 



fceip-i(BnC) 

i£A j£B 

o ip : ip-\B n C) ^ ^p{B n C) (3.12) 

ip-^ : B ^ A. (3.13) 



The product U(^4,oip){k)ip(k)Uvik)k belongs to t7(v,o>^)(fc)fe and u* € ^-^-Hj)]^ 
where j = ^(i). Thus u^u^ e and m* GU{I). 



(ii) It follows from ([XTU| and ([XTT]) that 



iGA 

where idA : A — > A is identity partial bijection. Similarly we can show 
that M^M* = J^igbP^- 

(iii) From (I3.10p and p. lip follows that 3{I) is closed with respect to the 
superposition of partial bijections. The fact, that the map defined in 
p.9p is a surjective morphism, follows from p.lOp and p. Ill) and definition 
of 3(/). 

□ 
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Remark 3.5. Taking partial isometries € ^{1) where tp is a bijection between 
one elements sets we find that the matrix unit inverse semigroup U{{pi}i^i) is 
an inverse subsemigroup of U (/) . 

In order to obtain an interesting examples of the inverse semigroup V{{pi}i(£i), 
where / = {1, 2, N} or / = N, let us take a properly infinite M^*-algebra 9Jt . 
It follows from the Halving Theorem (see [TOj) that there exists a family {pi}i^i 
of mutually orthogonal projections in dJl such that 

~1 and ^ft = l, (3.14) 

where I — {1,2,...,A^} or / = N U {oo}. Since oi pi ^ 1 there are isometries 
Si G U{dyi) satisfying s*Si — 1 and SiS* = pi. One has SiS*Sksl — SjkSiSi and 
(siS*)* = SjS*. Hence Vij = {siS*} is the self-adjoint system of the I x I matrix 
units, i.e. it is the inverse semigroup. 

For N > 1 the V({pi}ig/) is an inverse subsemigroup Vn C Sn of the Cuntz 
inverse semigroup Sn- The Cuntz inverse semigroup Sjy consists of elements 



where ii, ij., ji, j; G /, e.g. see [IS]. Denoting fc-tuples by a := 

and the isometry Si-^...Si^, by Sq. we find that the product and the involution in 

Cuntz inverse semigroup Sn are given by 

and 

iSaS*p)* = S/3S* (3.16) 

respectively, see [T^. The inverse semigroup Sn generates the C*-subalgebra 
of dJl isomorphic to Cuntz algebra On fS]. Note that for TV = 1 one obtains 
Toeplitz inverse semigroup. 

Proposition 3.6. W* -algebra 93t is properly infinite if and only if it contains 
a Cuntz inverse semigroup Sn such that 1 G Sn, where iV G N or N = oo. 

Proof. Summing up the facts presented above we find that any properly infinite 
W*-algebra 931 contains a Cuntz inverse semigroup Sn and unit of dJl belongs 
to Sn- 

Let us assume that Sn C DJl and 1 G Sn- Then from p.l4p we have 

z = Pi z and piZ ^ z (3.17) 

for any central projection z of dJl. From (|3.17|) follows that any central projection 
z is equivalent to its not trivial subprojection. This means that 931 is properly 
infinite. □ 
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We recall that a Clifford inverse semigroup is an inverse semigroup S 
whose idempotents are central, see [9]. 

Proposition 3.7. Let E C £(931) he a semilattice. We define 

s := [j zipmp)nu{m), (3. is) 

pes 

where ZlpVJlp) is the center of the W* -subalgebra pVJlp C Then S is an 
inverse semigroup if S G 1A{E). Additionally S is a Clifford inverse semigroup. 

Proof. Assuming S C U{E) we obtain from p.l8p that for w, u e 5 there are 
p,q & E such that p — u*u — uu* and q = v*v = vv* . From 

uv(uv)*uv — UVV*U*UV — uu*uvv*v = uv 

and from 

uv — upqv — (pqupq){pqvpq) 

it follows that uv is a partial isometry and uv e pqdJtpq. Since u e Z(pdJtp), 
V G ZlqdJlq) and pdJlp qVJlq = pqDJlpq we have uv g Z{pqVJlpq). The above 
shows that S is an inverse semigroup. In order to prove qu — uq for any u € S 
and any q G E we observe that u G Z{p'lDlp) D W(93T) for some p G E. Since 
pq e Z{pdJlp) n U (9Jt) one obtains qu = qpu = uqp = uq. □ 

Remark 3.8. The condition S C U{E) from Proposition 13.181 is fulfilled, for 
example, if from p G E and q ^ p follows q G E. 

Now we will describe the inverse semigroups S C W(2t) generated by a 
single partial isometry u G U{dyi). According to [9] we will call such an inverse 
semigroup a monogenic inverse semigroup. By definition, see [8], the partial 
isometry u G 9Jl is a power partial isometry if u'' is a partial isometry for all 
kGE. 

We conclude from Remark |3. II that 

upk+i^PkU and u*pk ^ Pk+iu* (3.19) 
qi+iu = uqi and qiu* = u*qi+i (3.20) 

where 

Pk u u , qr.^ UU . (3.21) 

Lemma 3.9. Projections pk and qi defined in 13.21]) have the following prop- 
erties: 

PkPl = Pmax{k,l} (3.22) 

gkqi = qmax{kd} (3.23) 

Pkqi = qiPk- (3.24) 
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Proof. Assuming k > I we obtain 

Pk = u*''u'' = u*^pk-iu^ = PiPk (3.25) 
where the last equahty in (I3.25P follows from p.l9p . Similarly we prove that 

Since w'^u' = is a partial isometry the projections = u*^u^ and qi = u'^u*^ 
commute, see Remark 1 3. II This proves p.24p . □ 

Theorem 3.10. The partial isometry u G W(9Jl) generates a monogenic inverse 
semigroup if and only if u is a power partial isometry. 
Every partial isometry from Si^u) can be expressed in the form 

Pkqiu"" or pkqiu*"" (3.26) 

where k,l,m G N, while = 1 and u**^ = 1. In particular the set of idempotents 
ofS(^u) consists of projections pkQi. 

Proof. If C U (371) is a monogenic inverse semigroup then u'' £ S^u) ■ So it 
is a partial isometry. So, u is power partial isometry. 

Now let us assume that for any fc G N element u'' is a partial isometry. Then the 
relations ((XTOl) . ([X^ . (IX^ . (IX^ and ((XMl) are vahd. Using these relations 
one transforms the arbitrary element 

(3.27) 

to the product of three elements 

Pkqiu"' or pkqiu*"' (3.28) 

which satisfy 

Pkqiu'^iPkqiu"')* =Pkqiqm = Pkq,nax{l,-,n} 

or 

PkqiU™ {PkqiU*"^)* ^PkqiPrn = qiPmax{k,m}- 

So, they are partial isometrics. In such a way we show that the arbitrary 
element p.27p generated by u is a partial isometry of the form p.26p and it is 
an idempotent if and only if m = 0. □ 

Corrolary 3.11. Each element ofS(^u) can be presented in the form 

u''u*^u"' (3.29) 

where 0^k^l,0^m^l and I > 0. 

Proof One obtains (j3:29l) from using (j3T9l) . dHSOl), ^2^, and 

Since an arbitrary monogenic inverse semigroup S is isomorphic to some 
the statement of Corollary 13.111 is valid also for each monogenic inverse 
semigroup. We thus proved a statement known as the Gluskin theorem [7]. 



21 



Example 3.4. If the generator u of is an isometry (co-isometry) , i.e. 
u*u — 1 [uu* — 1), then the monogenic inverse semigroup is the Toeplitz 
inverse semigroup. In this case any element of Si^^) can be written in the form 

Other examples of inverse semigroups are given in the following 

Proposition 3.12. A projection p e 2H and a unitary element u G 931 generate 
an inverse semigroup iS^p.„) d DJl if and only if 

[p,uV*''] = (3.30) 

for ken. 

Proof. Using for any A: e N the following notation 



u 



k _ j u'' for A; e N U {0} 



for -fc e N 



we observe that any element x G DJl generated by the products of p and u has 
the following form 

X = u^'pu^^pu^^ ... pu'^-^pu^" , (3.31) 
where h, h ...Jn ^ Let us assume p.30p . Then we have 

[u''pu"'',u^pu-^]^0 (3.32) 

for any k,l G Z. From (j3.32p we obtain that x'^ — x — x* if and only if 
h + h + ■■■ + In = 0. Thus xx* and x*x are idempotents for any choice of 
h, I2...JN e Z. Hence elements of 971 given by (|3.3ip generate the inverse 
semigroup which we denote by iS(p,ii) ■ 

If 5(p „) C 071 is the inverse semigroup then the elements p and u'^pu*'^ commute 
since they are idempotents of □ 

Corrolary 3.13. The orthogonal projections p, l—p G 971 and a unitary element 
It e 971 generate an inverse semigroup i_p „^ if and only if the condition 
ifOg|) is fulfilled. 

Proof. The set is an inverse semigroup if and only if p and u satisfy 

the condition (j3.30p . From this and from [p,l — p] =0 we have that 5^p.i-p,u) 
is the inverse semigroup if and only if p.30p is fulfilled. □ 

Finally let us give an example of inverse semigroup with a remarkable signif- 
icance in quantum physics. To this end let us consider the sequence of bounded 
operators ai, 02, cat g L°°{^), where S N or iV = 00, acting in the sep- 
arable Hilbert space % and satisfying the canonical anticommutation relations 
(CAR) 

a^a* + a*ai = (5^1 , , 

OiOj -\- OjOi = ' 
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It follows from p.33p that the annihilation operators oi, 02, cat and their 
adjoints a|,a2,...,a^ (i.e. the creation operators) are partial isometries. The 
projections Pi := aia*, i = 1,2, ...^ N , and the complementary projections 
Qj := 1 — Pj = j = l,2,...,n commute. So, they generate a semilattice 

E c c{m). 

Any element x € 971 generated by the products of the annihilation and creation 
operators has the following form 

X = cPaQpat^as, (3.34) 

where c G {-1, 1} and the products Pa Pa^Pa^-'-Pak-, Qp '■= Q^iQ^i---Qsii^ 
a* := a*^a*2...a*^, 05 := a^^a^^.-.a^^ are enumerated by the increasing se- 
quences of indices from {1,2,...,A^} such that for A,B ^ {a,/3,7,(5}, B 
implies that A n i? = 0. 

The product of the two such elements is given by 

xx' = Pa"Qp"a*y,as", (3.35) 

where c" = cc'(-1)"-»+J-p+'- for 7^ = 5'^, 6p = 7^ 
a" = aUa' (J{Sn 7') \ {6' U 7) 
^" = /3 U U ((5' n 7) \ ((5 U 7') 
7" = 7 U 7' \ ((5 U <5') 
5" = 5 U ,5' \ (7 U 7') 

if a n 7' = 0, /3 n (5' = 0, a n ;3' = 0, ;3 n a' = 0, 7 n 7' = 0, 5 n (5' = 0. In the 
opposite case one has xx' = 0. 

In particular the products of the conjugated elements take the following 
forms: 

XX* = cPaQ f3a*asa}ayQ pPaC = PaupQ/SUj 

(3.36) 

x*x ^ agajQi3PaPaQi3a*as = PaujQpus 

Concluding, we see that subset S C L°°{%) consisting of elements p.34p is 
an inverse semigroup. Let us call it the CAR inverse semigroup. 

Ending this section we go back to the Proposition l2.10l and describe a faithful 
representation of the inverse semigroup of local bisections *8;oc(Z^(97J) * 9^J) of 
the action groupoid U{^) * 971+ in the VF*-algebra p(9Jt)'. To this end let us 
note the local bisection a € S;oc(Z^(93t) * 971+) is a map 

an:^ 3 ^ <Tn{uj) ^ G Z^(97l) * 97t^ (3.37) 

of C 97t+ which satisfies 

s{a{uj)) = u}, 
t{a{uj)) = I^aiuj)^- 
Using groupoids monomorphism (|2.60p we define the representation 

: miocium) * 971+) ^ p(97l)' (3.38) 
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of ^ioc{K{m) * 971+) in as follows 

<l>{an):=Y.{io^)iaiuj),Lo). (3.39) 

The idempotent corresponding to (t>{(7n) is given by 
where id^ is the identity in E„ C i^r(E, 9Jt+). 

4 Topologies and Banach manifold structure of 
groupoids ^(2}t) and U{mi) 

There are the following locally convex topologies considered on the M^*-algebra 
dJl: the uniform topology, the Arens-Mackey topology r(9JT, COT*), the strong 
*-topology s*{DJl,DJl^), the strong topology s(2t, 2R*), the cr-weak topology 
CT(9Jt, 9Jt*), see e. g.[IH]. All these topologies define corresponding topologies on 
the groupoids Q{dJl) and U{dJl). Hence, the natural question arises for which of 
the topologies listed above the groupoids are topological groupoids. 
Let us start from Q (9Jl) . 

Proposition 4.1. For a infinite- dimmentional W* -algebra 971 the groupoid 
C/(9Jl) is not a topological groupoid with respect to any topology ofdJl mentioned 
above. 

Proof. Let us take p £ £(971) and define Xn € G{^) by 

Xn=P+-{l-p), neN. 
n 

One has 

s(x„) = t{xn) = 1 and s{p) = t{p) = p. 
Since the uniform limit of Xn is 

p = lim Xn, 

we see that source and target maps of tj(97t) are not continuous. Thus we obtain 
that t/(97t) is not a topological one. Note that the above consideration does not 
depend on the choice of topology on 97t. □ 

The case of the groupoid U{'OJl) is much better than that of tj(97l). Let us 
begin our considerations from the uniform topology. Since all algebraic opera- 
tions in 971 and the *-involution are uniformly continuous and groupoid maps 
are expressed by these operations we conclude that the groupoid W(9Jl) is a 
topological groupoid with respect to the uniform topology. Let us remark also 
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that 14 (Tl) is uniformly closed in 9JI and C{dJl) is uniformly closed in ZY(9Jt). 
Note also that the set Z^(9Jt)(2) = (s x t)-^{{{p,p) : p e C{m)}) is closed in 

u{m) xu{m). 

The groupoid of partial isometrics U{VJl) is not topological with respect to 
the cr(9}t, 9}t,) -topology (the weak *-topology) and with respect to the s(9Jl, 9Jl,)- 
topology (the strong topology) . The reason is that the product map (|2.6p is not 
continuous with respect to (t(9JI, S[)T,)-topology and the involution (j2.7p is not 
continuous with respect to the s{DJl, OT* )-topology. 

The Arens-Mackey topology t{DJI, OT*) coincides with the s*-strong topology 
s*(9Jt, 9Jt*) on the bounded parts of 9Jt, see [15]. So both of them induce on 
W(9Jl) the same topology. So, without loss of generality we can restrict our 
consideration to the s*(Z^(9Jt))-topology of U{M). 

Let us take the closed unit baU B = {x G DJl : ||x|| ^ 1} in The product 
map B X B 9 {x,y) i->- xy e B restricted to B as well as the *-involution are 
continuous with respect to s*(S, 9Jl,)-topology. From the above we conclude: 

Proposition 4.2. The groupoid U{^ffl) of partial isometrics is a topological 
groupoid with respect to the s*{U{D}l),Dyt^) -topology. 

Let us define on 971, = {{p,^) G C{dyt) x OT,; p = r^{uj)} (respectively 
9Jl, = {{p,u}) G £(971) X 971,; p = l^{uj)}) the topology 1<xn, as the topology 
inherited from the product topology of £(971) x 971*. The moment map : 
971, — >■ £(97t) (respectively I* : 971, — >■ £(971)) is continuous with respect to Tot,. 
Since the topology Tot. of 971, is stronger than the uniform topology of 971, the 
action (I2.34p (respectively (|2.35p ) is also continuous with respect to Tot. ■ 

Let us define the set 

P:={a;€97T, : /,(a;) = r,(a;)}. (4.1) 

We conclude from the Proposition (g^ that subsets 971+ C 97Tj C 7^(971,) C 97t 
of positive normal functionals, selfadjoint functionals and 7^(971) are invariant 
with respect to the predual inner action /, : U (971) x 971, — !• 971, . The groupoid 
W(97l) acts on 971 J', 971+ and 7^(971) the actions are continuous with respect to 
their Tot. -topology. Since 

s,(/,iiaj) = s^{uuju*) = uu* = t{u) 

I*u{I*v^) — I*u{vUJV*) — UVUJV*U* — UVUj{uv)* = 
I*e{s,(u))^^ = I*s,(u)^^ = U*UU>U*U = Ll> 

we see that the groupoid U{DJl) acts on 7^(971,) in the continuous way with 
respect to Tot. topology of 7^(971,). 

Summarizing the above considerations and applying the construction pre- 
sented in the Appendix we have the following: 

Theorem 4.3. (i) The groupoids U{m)n^ , W(97l)*^97t , W(97l) * J(97t) , 
U (971) * 971'* and lA (971) * 971+ are topological groupoids with respect to the 
relative topology inherited from the product uniform topology of lA (97t) x 
971 . 
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(ii) The groupoids u{m) n, sot* , uim) OT, , u{m) * v{m^) , u{m) * 

971+ and U (9Jl) * 9JtJ are topological groupoids with respect to the relative 
topology inherited from the product uniform topology of U (971) x 9Jt, . 

( Hi ) The groupoids listed above cover the groupoid lA (9Jt) . 

Now we show that the groupoids Q (9Jt) and U (9Jt) have canonicahy defined 
structure of complex and real Banach manifold respectively. Let us begin from 
definition of complex Banach manifold structure on the lattice >C(9Jl) of projec- 
tions of VF*-algebra 971. For this reason for any p £ £(9Jl) by Hp C £(9Jl) we 
denote the subset of projections q e £(9Jl) such that 

qA{l-p) = and gV(l-p) = l, (4.2) 

where " A " and " V " are joint- and meet-operations on the projections in the 
lattice £(9Jt). Since for any pair of projections e, / € £(9Jt) one has 

(eV/)-e^/-(eA/), 

see |19) . taking e — 1 — p and f = q we obtain that q ^ p. So we have Hp C Op 
and thus Hp' D Hp = if p' 7^ p. The inverse statement, i.e. that p' ^ p implies 
lipi n Hp 7^ is not true in general case. For example for infinite T/F*-algebra 
we can take p 7^ 1 such that p ~ 1. Then Hi = {1} and thus Hi n Hp = 0. 
Condition (|4.2p is equivalent to existence of Banach splitting 

971 = g9H ® (1 - p)97l (4.3) 

of 9Jl on the right W^*-ideals. Using (j4.3|) we decompose 

p ^ X — y (4.4) 

the projection p on two elements x G q'OJlp and y € (1 — p)^Xflp. In such a way 
we define the map (pp : Hp {1 — p)dyip by 

Ml) ■= V- (4-5) 

Let us show that ipp is a bijection of Hp on the Banach space (1 — p)9Jlp. To 
this end for any y e (1 — p)9Jlp we define x by equality (|4.4p and note that 

p = px, xp — X and = x. (4.6) 

Thus the left multiplication maps Lp and on dJl satisfy 

Lp = LpoLx, Lx = LxoLp and o = (4.7) 

and 

Ker = (1 - x)m = (1 - p)m = Ker Lp. (4.8) 
From (|4.8p we have 

m = xm®{i-p)m, (4.9) 
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where xdJl is right ideal of VK*-algebra generated hy x E 971. Let us also note 
that 

L^-.pm-^^ xM and Lp : a;OT pM (4.10) 

are mutually inverse isomorphisms of the corresponding right Vl^*-ideals. 

The left support l{x) of a; G 9Jt is the identity in M^*-subalgebra xMD (xTl)* . 
Thus l{x) e xWl. This shows that xDJl = l{x)M and 

971 = ;(x)97i® (1 -p)an, (4.11) 

i.e. l{x) € Hp. In such a way we prove that ipp has the inverse defined by 

V^;Hy):^l{p + y). (4.12) 

Proposition 4.4. If x £ q^Mp is defined by the decomposition ^-4^ then x G 
Q{dyt) and s{x) — p and t[x) — q. So one has section CTj, : Hp — > t^^(np) C 
g{m) defined by 

ap{q) := X. (4.13) 

Proof. The above follows from (14.101) and from xM = l{x)M ^ qM. □ 

We conclude from the above that maps (/Sp : Hp — > (1 — p)Dyip, where p S 
£(971), define a canonical atlas on £(971). RecaU that Upe£(9j!) 

Up = £(971). 

This atlas is modeled by the family of Banach spaces (1 — p)'OJlp. If projections 
q and p are equivalent, i.e. if there exists x € t/(97l) such that p — s(x) and 
p' = t{x), then the Banach spaces (1 — p)97lp and (1 — p')97lp' are isomorphic. 
Now we find the explicite formulae for the transitions maps 

ipp o : ipp,{np n BpO ^ iPpiUp n Up>) (4.14) 

in the case when Hp n Up' ^ 0. For this reason let us take for g e Hp n Hp/ the 
following splittings 

97l = q97l©(l-p)97t = p97t® (l-p)97t , . 

97l = q97t® (l-p')97l = p'97te(l-p')97l. ^ ' 

The splittings (I4.15P lead to the corresponding decompositions of p and p' 

w^ (4.16) 

p — X — y 1 — p = c + a 

where x e qMp, y e (1 - p)Mp, x' G g97lp', y' e (1 - p')Mp', a G p'Mp, 
6 e (1— p')97lp, cGp'97l(l— p) and d G (1 — p')97l(l — p). Combining equations 
from (|4.16p we obtain 

q = L{x') + y'i{x') (4.17) 
q= {a + cy)L{x) + {b + dy)L{x). (4.18) 
Comparing (HTf)) and we find that 

l{x') ^ {a + cy)L{x) (4.19) 
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y'L{x') = {b + dy)L{x). (4.20) 
After substitution (|4.19p into (|4.20[) and noting that t(a + cy) ^ p' we get 

y' ^ {^p, o ip-^)iy) = ib + dy)L{a + cy). (4.21) 

All operations involved in the right-hand-side of equality (|4.2ip are smooth. 
Thus we conclude that the atlas (Hp, Lpp), p £ £(SH) defines on £(931) the 
structure of a complex Banach manifold of type 25, see [3], where 25 is the set 
of Banach spaces (1 — p)DJlp indexed by elements p G £(371). See also [1] for 
the investigation of the infinite-dimensional Grassmannian as a homogeneous 
spaces of the Banach-Lie group C/(OK). Note, that when SOT is finite W*-algebra 
then the orbits of the inner action of the groupoid U{Dyt) and the orbits of the 
inner action of unitary group C/(9Jl) on the lattice C{VJl) coincide. 

Now let us introduce a structure of the Banach smooth manifold on the 
groupoid Q{'OJl). 

For this reason taking p,p e C{DJl) we define the covering oiQ{DJl) by subsets: 

flpp:=t-\Up)ns-\Up). (4.22) 

Let us note here that ftpp ^ if and only ii p ^ p. Note also that the set flpp 
is a subgroupoid of Q (dJl) . If ilpp ^ then one has the one-to-one map 

i^pp : npp ^ (1 - p)mp ® pMp © (1 - p)dnp (4.23) 

of ilpp on an open subset of the direct sum of the Banach subspaces of the 
VF*-algebra dJl. This map we define by 

i^ppix) := ifp{t{x)), L{ap{t{x)))xap{s{x)), fp{s{x))) , (4.24) 

where (Jp{q) G qVJlp and ipp{q) G {l—p)VJlp are obtained from the decomposition 

p ^ ap{q) + ifipiq) (4.25) 

oi p with respect to (|4.3p . Recall that Cp : TTp — > t^^(np) is a section defined in 

6131). 

The map tpp^^ : tpppiflpp) — ?> flpp inverse to (|4.24p looks as follows 

fppp{y,z,y) ■= '^p{q)zt-{crp{q)) = {p + y)zL{p + y) (4.26) 

where q — l{p+y) and q = l{p+y) are left supports ofp+y andp+y respectively. 
The transition maps 

V'p'p' o i^pp ■■ ^ppi^p'p' n fipp) ipp,p,{npp, n Qpp) 

for {y, z, y) G V'pp(%'p' H ^pp) are given by 

(^p'.' ° V-p-p y) (y', y% (4-27) 
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where 

V' = {^^, o = (6 + dy)L{h + ~cv) (4.28) 

y' = ((^p, o v-^){y) = {b + dy)i{a + cy) (4.29) 

and 

z' = i(];' + y'){p + y)zi{p + y){p' + y'). (4.30) 

We note that all maps in (|4.28l) . (|4.29p . (|4.30p are smooth. Thus we conclude 
that 

(%p, Vpp : ^pp (1 - PW ® mP ® (1 - P)97tp) , (4.31) 

where (p^p) € £(9Jt) x £(971) are pairs of equivalent projections, form smooth 
atlas on the groupoid Q{Wl) in sense of [3]. The smooth (analytic) Banach 
manifold structure of tJ(9Jt) has type 6, where 6 is the set of Banach spaces 
(1 — p)'iXSlp © pSTlp ® (1 — p)dyip indexed by the pair of equivalent elements of 

c{m). 

Theorem 4.5. The groupoid tJ(9JT) is a Banach-Lie groupoid on base C{^ffl) with 
respect to the smooth (analytic) Banach manifold structure of type © defined by 
the atlas ^.31^ . 

Proof. We show that all groupois maps and the groupoid product are smooth 
(analytic) with respect to the considered Banach manifold structure. 

(i) For source and target map we have 

{ipp o so ipT^){y, z,y) = y, (4.32) 

{Vp°'t°i^pp){y,z,y) = y. (4.33) 

We assumed in (I4.32p and (|4.33l) that (y, z, y) e ■tpppi^pp), s^ipp^Oj, z, y)) e 
Hp and t{il}p^{y, z,y)) S Hp respectively. We conclude from (I4.32p and 
(j4.33p that ipposoipp^ and (ppotoipp^ are smooth (analytic) submersions. 

(ii) For identity section e : £(9Jl) — > t/(9Jt) we have 

{ll^pp o e o tp-'^){y) = ((^p o (ppl(y),i(crp((p-l(?/)))crp(93p^(2/)),y), (4.34) 

where y G ifp{J\p). Since ct^ : Hp — t~^(np) and cTp : Hp ^ t^^(np) are 
smooth (analytic) sections we obtain that ipppoeoif~^ is smooth (analytic) 
map too. 

(iii) The inverse map t : Q {dJl) — >■ Q (971) takes fipp onto fipp and we have 

{ipppo Lo^jj^^){y,z,y) = {y,i{z),y). (4.35) 
Thus 6 is a complex smooth (analytic) map. 
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(iv) Let us take Xi € ^p^p^ and X2 S ^P2P2 such that s(xi) — t{x2) G Hp^nllpj^. 
Assuming V'pipi(a;i) = (j7i,zi,j/i) and il^p^P^ix^) = (2/2,2:2,2/2) we obtain 
that 

V'piP2(^piPi (2/1, 2i,2/i)V'p2P2(y2, 22,^2)) = (4.36) 
= (2/1, zit(crp, ((/3p^H2/i)))(c^P2 {'Pp^{V2)))z2, 2/2). 

Summing up we conclude that tj(97l) is a Banach-Lie groupoid. □ 

In order to investigate the structure of real Banach manifold on W(9Jt) we 
recall that one can define U{dyi) as the set of the fixed points of the groupoid 
automorphism J : tJ(9Jl) — > ^(9Jt), see (|2.10l) . Next expressing J : fipp 
in the coordinates 

3 XI — > iPpp{x) = {y,z,y) G {I - p)mp <S pOJlp (9 [1 - p)mp 

we find that 

{i^pp°Jo^P~p'){y,z,y)= (4.37) 

= [y,''i(^piv'p^iy)yM'Pp\y)))''izl<^pi'Pp^i^^^^ > 

where z £ Q{DJl)^ C pTlp. Note that tJ(2t)^ is an open subset of the Banach 
subspaces p^p. Since J'^{x) = x ior x £ U{dJl) one has 

{DJ{x)f = 1 (4.38) 

for DJ{x) : TxG{^) — > TxG{^)- Thus one obtains a spliting of the tangent 
space 

TxGim) = T+g{m) © 17 ^^(wt) (4.39) 

defined by the Banach space projections 

^±(2^) I i^+DJ{x)) . (4.40) 
The Frechet derivative Dl{z) of the inversion map 

i:g{m)P3 z^ L{z)eg{m)p, 

at the point z is given by 

Dl{z) Az = -i{z) Az l{z), (4.41) 

where A z g pdJlp. Thus for A ^ G (1 — p)Tlp, Az e p^)Jlp, Aye (1 — p)DJlp we 
obtain 

-D (V'pp ° ° V-pp') (y, ^, 2/) (A 2/, A z, A y) = (4.42) 
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= {Ay, -r\y)Df{y) Ay~9-^{y)i{z*)9^{y)-r\vW*) Az* i{z*)g\y) + 
+ ~g-\y)''{z*)Dg\y) Ay, Ay), 

where 

g^y) := and giy) M^^^y))* (^pi^^^y))]"^ 

are elements of G{pdJlp) and G(p9Hp) respectively. 
If X e QppnUim) then from one has 

f{y)z9-\y) - i{z*). (4.43) 

It follows from (|442| that Az e r+c;(S[)t) if and only if it satisfies 

Az = -g-^{y)Df{y) Ayr\yW*)9^{y)+ (4-44) 

~~g-\yW*) Az*L{z*)gHy) + r'im^lDg^iy) Ay. 

In order to simplify the equation (j4.44l) we introduce a new coordinate 

u:=g{y)zg'\y) (4.45) 
for which the condition (|4.43p reduces to u = l{u*), i.e. 

u€pmpnu{m). (4.46) 

Substituting z — g^^{y)ug{y) and 

Az = -r\y)Dgiy)rHy) ^yug{y)+ (4.47) 
+9^^{y) ^ug{y) + g^'^{y)uDg{y) Ay 

and 

Az* ^Dg{y) Ayu* g-\y) + g{y) Au*g'^+ (4.48) 
-giy)u*9^^{y)Dgiy) Ayg^'^iy) 
into the equation (j4.44l) we obtain the equivalent equation 

u* Au+{u* Au)* ^0. (4.49) 

Thus for X e ^Ipp n U{^Xft) we have the isomorphisms of the real Banach spaces 

T+g{m) p)mp ® ® (i - p)2np (4.50) 

where the real Banach space 

JOp = {u* Alt e pOTp : u* Au + [u* Au)* = Q) (4.51) 

is isomorphic with the space ipdR^p of the anti-hermitian elements of the subal- 
gebrapSJtp. Note here that fixing uq £ ^^(971)^ C tJ(9Jl)^ we obtain the bijection 

U{mf 9 u M^u e UipMp). (4.52) 
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The above allows us to define the one-to-one maps 

ifpp : u{m) n rjpp ^ (i - p)^p © ipOJiV © (i - p)anp (4.53) 

of W(9Jt)nl7pp on the open subset in the real Banach space (1— p)9Jlp©ip2JtV© 
(1 — Summing up the above facts we can formulate the following state- 

ment 

Theorem 4.6. (i) The groupoid W(9Jl) of partial isometries has a natural 
structure of the real Banach manifold of the type (5, where the family 
consist of the real Banach spaces 

(1 - p)mp © pm''p © (1 - p)mp 

parameterized by the pairs {p,p) G >C(9Jt) x £(9H) of equivalent projections. 

(ii) The groupoid U (dyV) is a closed real Banach submanifold ofQ(dJV) with the 
real Banach manifold structure underlaying its complex Banach manifold 
structure. 

We conclude from the Proposition 14.61 the Q (OJT) is the complexification of 
U{dyC} in sense of the definition given in [3]. 

5 Groupoids and Banach Lie-Poisson structure 

of 

In [T4| it was shown that the predual space 971, of VF*-algebra 5XT has canonically 
defined Lie-Poisson structure. This follows from a(i*(?OT)-invariance of Banach 
subspace [DT, C 9Jl*, where ad^iy) := xy — yx. One defines the Lie-Poisson 
bracket of /,5 G C°°(OT,, C) as follows 

{/,g}:-(c.,[i?/H,A9H])- (5.1) 

Note that Frechet derivatives Df{uj),Dg{uj) belong to 371 which allows to take 
the commutator of them. The predual space 971, as well as the Lie-Poisson 
bracket (|5.ip is invariant with respect to the A(i*-action of the Banach group 
G(97l). 

Multiplying the right hand side of definition (15. ip hy i — y/ —1 one obtains 
the Lie-Poisson bracket for real valued functions f,g ^ C°°(97t'j,M) defined on 
the hermitian part 97lJ' of 971*. This follows from the paring between 97lJ and 
the real Banach-Lie algebra i97t'' of anti-hermitian elements of 971 defined by 

m'^xim^ 3 ^^ i{uj,x} e R. 

As in the complex case the Banach Lie-Poisson structure of 97tJ is Ad*{U{dJl))- 
invariant. The orbits of coadjoint representation of ?7(97T) are weak symplec- 
tic manifold. Thus they give symplectic foliation of Banach Lie-Poisson space 
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(9JlJf, {•, •}), see [13]. More information concerning this interesting subject one 
can find in [2] and [T4] . 

Now let us apply the definitions of the groupoids structures on the tangent 
bundle TG and cotangent bundle T*G of a Lie group G, e.g. see |T2], to the case 
of Banach-Lie group G{dR). We will do this with some modification. Namely 
in our considerations we replace the cotangent bundle T*G(97l) by the pre- 
cotangent bundle r*G'(93T) of G{dJl). Note that in the finite dimensional case 
the bundles T*G and T,G are canonically isomorphic. In our case the cotangent 
bundle T*G(97l), opposite to the pre-cotangent bundle rH.G(97J) does not have 
the symplectic structure related to the Banach Lie-Poisson structure of dTl'l 
defined by (IET|) . 

The groupoid structure on TG(3Jl) is defined as follows. The base of rG(9Jt) 
is the tangent space TeG($XH) at the identity element e e G(9Jt). The source 
map s : TGiM) TeG{m) and the target map t : TG(97l) ^ T^G^m) are 
defined as follows 

s(a) := DL^(„)-i(7r(a))a, 

(5.2) 

t(a) := L'i?^(<j)-i(7r(a))a, 

where a e rG(9Jl) and tt : TG(3Jl) — > G(9H) is the canonical projection on the 
base. The identity section e : TeG{dK) — TG(9H) is done by the inclusion 
of the fibre T^G(m) C TG{m). The involution l : TG{m) TG(aH) one 
defines by 

L{a) DL^^a)-i{e) o DR^^a)-^ (7r(a))a. (5.3) 
Finally the groupoid product is defined by 

ab:^DL^(a){TT{b))b (5.4) 

if and only if (a, h) e TG(9Jl)(2), i.e. s(a) = t(6). 

As a base for groupoid structure of T*G(9Jt) we assume the pre-cotangent 
bundle T*eG(an) at e G G{m). The identity section e, : T,eG(OT) ^ T,G(9Jl) 
we define as an inclusion r,eG(OT) C r*G(9Jt). 

Let us take ^ G T*G(S[n) and let 7r*(^) e G(9Jt) be the projection of ^ on the 
base. Then one defines the source and target maps as follows: 

s,(0 (i?i.(e)(e))*^, 

(5.5) 

UiO (i^i?(.(«))(e))*C, 
The inversion : T,G(»T) ^ T,G(an) is defined by 

L^iO := (I?L,(4)(7r(0)-^)* o (e))*e (5.6) 

The product of elements (,,1] E r,G(S[Jl) such that s(^) ^ t{ri) is given by 

Cr/:=(i?i(.(e))-i(7r(e)7r(r7)))*,7. (5.7) 



33 



The precotangent bundle r*G(97l) is the weak symplectic complex Banach 
manifold with the weak symplectic form defined in the following way 

nLi9,p)iia,0Ab,v))^ (5.8) 
= {r^,DLg-i{g)a) + {i,DLg-i{g)b) - {p, [DLg-i{g)a,DLg-^{g)h]), 

where g G G(an), a,b £ TgG{m), p,^,ri e T^^Gim), see [g. Thus defined 
weak symplectic structure is consistent with the groupoid structure of T*G(3Jl) 
in the sense of [TT], [5D]. Hence one can consider T,G(97l) as a weak symplectic 
groupoid. 

The definition of action groupoid structure on the product G x M, where 
G is a group acting on a set M, one finds in Appendix D. From this general 
definition one gets action groupoid structures on G(S!Jl) x 93T and G(JXft) x OT* 
defined by adjoint Ad : G(m) Aut M and co-adjoint Ad* : G(«m) Aut OT, 
representation of Banach-Lie group G(9Jt): 

AdgX = gxg^^ (5-9) 

{Ad*gUj,x) := {uj,Adg-ix), (5.10) 

where x £ DJl and w S OJt* respectively. 

The vector bundles trivializations : TG(97l) G(97l) x 971 and : 
T,G(OT) G{m) X OT, defined by 

0(a) (7r(a), i?L,(a)-i (^(a))a) (5.11) 

MO--=i<0,iDL^ii)ie)rO (5.12) 

give the canonical groupoid isomorphisms : TG(3Jl) G(9K) x 9Jt and 0, : 
T*G(a)t) ^ G(OT) X OT,. To this end we take the identifications TM{^) = ^ 
and r*eG(9Jl) ^ OH,. 

Let us define the injective immersions of the groupoids A : TG(SEJl) — )■ 

g{m) *i m and a, : r,G(OT) ^ g{m) n by: 

A(a) := (7r(a) /(DL^(a)-i (7r(a))a), i:>i^(Q)-i (7r(a))a) (5.13) 
A,(0 (^(0 /((i^L.(4)(e))*0,^i^(o(e)*0 (5-14) 

respectively. 

In order to see that A : rG(9Jl) tJ(9K) commutes with source and 
target maps we notice that 

(so A)(a) = s (7r(a) l{DL^(^a)-^{'^{a))a),DL„(^)-i{Ti{a))a) = 

= DL^(a)-^{'^{a))a = (ido s)(a), 
(to A)(a) =t(7r(a) /(i:>i^(<j)-i (7r(a))a), (7r(a))a) = 

Ad^(a) i(DL^,^j_i(7r(a))a).DL^(„)-i(7r(a))a = Ad^(^a)DL^(a)-^{T^{a))a = (idot)(a). 
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Since Z(-DL^(a)-i(7r(a))a) — v4d^(a)Z(-Di^(f,)-i (7r(&))6) the following shows 
that A preserves also the groupoid product 

A(a)A(&) 

= (7r(a) /(DL„(a)-i(7r(a))a),DL„(a)-i(7r(a))a) (7r(6) /(i:)L^(f,)-i (7r(6))6), DL^(b)-i (7r(&))&) 

= ((^(a) /(Z?L,(„)-i(^(a))a)(^(fo)) (^(fe))fe), (7r(6))6) = 

= Api,(,)(7r(6))6) = A(a6). 

Summarizing the above facts we obtain the following groupoid monomor- 
phism 



TG{m) 



A 



id 



In a similar way we obtain the monomorphism 

A* 



id 



(5.15) 



(5.16) 



of the predual groupoids T^g{D}l) ^ 971* into the action groupoid Q (97t) */ 971* =^ 
971* 

Now instead of complex Banach-Lie group G(97t) let us consider the groupoid 
of partially invertible elements tj(97t). In this case we come to the following 
statements. 

The tangent prolongation T^;(97l) ^ TC{m) of the groupoid ^^(971) =^ £(971) 
is a Banach Lie VS-groupoid, (see e.g. [I3]), i.e. one has 



T^(97l) 



a (971) 



Ds 



Dt 



(5.17) 



T£(97l)- 



£(971) 
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where the bundle vector projections q and q define the groupoid morphism, the 
tangent maps Ds, Dt, Di, De are vector bundle morphisms, and the map 



{Dq, Ds) : Tg{m) ^ g{vn) * TC{^m) 

of tangent groupoid TQ (971) on the action groupoid G {d)l)*T£(JXIl) is a surjective 
submersion. 

The core of TQim) is the algebroid AGiM) of the groupoid GiM). See e.g. 
[T5] for the definition of the core of V/B-groupoid. The algebroid AG{^) and 
its predual A*G{^) are most crucial for the Poisson aspect of the investigated 
theory. Namely, extending the considerations from the finite dimensional case 
to the Banach-Lie context we obtain the Banach-Lie VS-groupoid 



T.Gim) 



Gm 



(5.18) 



precotangent to the one presented in (j5.17p . where and are the projections 
on the base. One defines the source s and target t maps in (|5.18p as follows. 
Let e nxGiM) and x e ^^^^(971), p £ C{m), then 

(§(0), x) := (0, DLg{e{p)){x ~ Ds{p)Dt{e{p))x)) , (5.19) 

(t(</))) i^i?g(e(p))x). (5.20) 

The product (/) • V of € T^xGiM) and ip € T^yGi^), where 8(0) = e 
A*pG{^) and s(x) = t{y) = p £ £(971), one defines by 

(0.V,C-r,) = (0,e) + (^,77), (5.21) 

where ^ G r^^(97t), G rj,^(97l) satisfy Ds{0 = Dt{ri) and ^ • S ^,^^^(971) is 
the product of ^ and rj in the tangent groupoid Tt/(97t). The above definitions 
we obtain as a direct generalization of those accepted in the finite dimensional 
case, e.g. [13]. 

The groupoid T^GiSK) =^ ^,tj(97l) is a weak symplectic Banach-Lie realiza- 
tion of the Banach- Poisson bundle ^*t?(97t), which Poisson structure is deter- 
mined by the algebroid structure of AG (971) . We note here that diagram (|5.18p 
is the groupoid version of the diagram 



r,G(97l) 



G(97l) 



97t, 



(5.22) 



{1} 
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valid for the group G{DJl). 

The proofs of these statements arc the direct generalizations of the proofs for 
the finite dimensional case to the context of the Banach-Lie groupoids theory. 

Finally let us mention that all objects considered above belong to the cate- 
gory of complex analytic Banach manifold. They have their real analytic coun- 
terparts if we replace the group G(9Jl) and the groupoid G{D)V) by t/(9Jl) and 
U{m) respectively, and 9Jl by iOJl'' (9}t^). 

Authors apologize for the fact that subjects discussed in this section are 
treated in the abbreviated way. However, the detailed investigation of Banach 
-Lie Poisson geometry related to VK*-algebras needs longer treatment in a sep- 
arate paper, which is currently in preparation. 

6 Appendix 
A Groupoid 

Let us recall that a groupoid with the base set B (set of objects) is a set G 
such that: 

i) there is a pair of maps 



G 




B B 



called source and target map respectively; 

ii) for set of composable pairs 

G(2) :={(5,/i)eGxG: s{g) = tih)} 
one has a product map m : G^^^ — ^ G, denoted by 

m{g,h)=:gh (6.1) 

such that 

(a) s{gh) = s{h), t{gh) = t{g), 

(b) associativity: k{gh) = {kg)h; 

iii) there is an iniection e : B ^ G called the identity section, such that 

= 9 = gsKa)); 
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iv) there exists an inversion l : G ^ G denoted by 
such that 



for all g e G. 



A groupoid G gives rise to a hierarchy of sets 



G 

{(g,/i)eGxG; s(g) = t(/i)} 



(6.2) 



G« ={(gi,ff2,...,fffc) € Gx Gx ... X G; t(g,) = s(g.-i), z = 2,3,...,fc} 

In the paper we will consider the topological (differentiable) groupoids. Be- 
cause of this let us recall that the groupoid G is called a topological (differen- 
tiable) groupoid if G and B have the topologies (differential manifold structure) 
such that: 

i) the product map (|6.ip and the involution (|6.2p are continuous (differen- 
tiable) ; 

ii) the injection e : _B — )■ G is an embedding (differentiable embedding). 

From s{g) = £^^{g9^^) and t{g) — e^^{g^^g) it follows that source map 
and target map are continuous (differentiable). By definition the topology of 
(^(fe)^ for k = 0, 1,2, is inherited from G. In case of differentiable groupoid 
one assumes that the source and target maps are submersions. 

B Groupoids morphism 

A morphism (p of two groupoids Gi and G2 over bases Bi and B2 one can 
depict by the following commutative diagram 



Gi 



G2 



Si 



S2 



(6.3) 



B^ 



Bo 



By definition one also has 

o si = S2 o (j)Q and o ti = t2 o (j)Q 

and 

(j>G{g)(t>G{h) = cl)G{gh) 
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for gh E G\ . If (/)g : Gi ^ G2 and <j)B ■ Bi ^ B2 are inclusion maps one 
says that Gi is subgroupoid of G2. The subgroupoid Gi C G2 is a wide 
subgroupoid of G2 if Si(Gi) = ti(Gi) = B2- 
An example of groupoid morphism is given by 

(s,t) 

G ^ B xB 



pri 



pr2 



B 



id 



B 



where B x B is the pair groupoid, i.e. s :— pri, 
e{x) — (x^x) and ■m{{y, z), {x,y)) = (x, z). 



(6.4) 

pr2, o{x,y) := {y,x), 



C Action of groupoid 

We recall the definition of the left action of groupoid G on the set M. 

One assumes for this reason that there exists a map (moment map) 



H: M ^ B 

and one defines the space 

G *i M := {{g, r) e G x M : s{g) = ^l{r)}. 



(6.5) 



(6.6) 



Then the left action of groupoid G on M is defined as a map G * M 3 {g,r) i—>- 
g ■ r G M with properties: 



(gh) - r = g-(h-r) 
Kg ■ r) = t{g) 
e{fi{r)) ■ r = r. 



For the right action of G on M instead of (|6.7p we have 

r ■ {gh) = {r ■ h) ■ g 
fi{r ■ g) = s(.g) 
r ■ e{fi{r)) = r, 



(6.7) 



(6.8) 



where (5, r) e G *r M := {{g, r) e G x M : t{g) = ^{r}}. 

As an example let us take the canonical left action of G on its base B. In 
this case M := B, fx := id and 



G^B^{ig,x): x = 8(5)} 
The action map is defined by 

G*B 3 [g,x) ^ g-x:^t{g). 



(6.9) 



(6.10) 



The defining properties (j6.7l) follow from the corresponding properties of the 
maps s,t, e and the product map l|6.ip . 

One equips the set G := G*M with the groupoid structure defined as follows: 
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i) source map and target map are given by s{g,r) := r G M and t{g,r) := 
g-r eM; 

ii) the set of composable pairs 

G(2) := {((.g, r), {h, n))eGx G; t{h) = s{g)} 
and the product map rh : — G is defined as 

Mid, r), {h, n)) = {gh, n); (6.11) 

iii) the identity section e : M G is defined by 

e(r) = (e(A*(r)),r); (6.f2) 

iv) the involution i : G — >■ G is defined by 

l{g,r) = {L{g),g-r). (6.f3) 



In the case when G is a topological groupoid and M is a topological space we 
obtain on G the structure of the topological groupoid if the moment map fi and 
the action G on M are continuous. The topological structure of G C G x M is 
inherited from product topology of G x M. 

One calls the morphism depicted in (j6.3|) a covering morphism if for each 
X e -Bi the restriction (pc '■ s~-^(a;) — >■ s^^{(f>B{x)) of to the s-level of x is 
bijection. 

The diagram 

G*iM G 



M 



B 



(6.14) 



where 

<l>G{g,r) -.^ pri{g,r) ^ g and (j)B{r) := n{r), 
gives an example of the covering morphism of groupoids. 

D Action groupoid 

If a group G acts on a set AI 

GxM 9 {g,m) H> g-m e M 

one can define on the set GxM the groupoid structure, which is called action 
groupoid structure. For this case one defines 
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i) source and target maps s', t' : G x M ^ M as 

s'{g, m) := m G M and t{g, m) := g ■ m ; (6.15) 



ii) the groupoid product 

{g, m){h, n) := {gh, n) (6.16) 
on the set of composablc pairs 

(G X M)(2) := {((g, to), {h, n))e{GxM)x{GxM): m = h ■ n} 

iii) the identity section e' : M — )• G x M by 

e'(m) = (e,m); (6.17) 

iv) the involution l' : G x M ^ G x M hy 

L'{g,m) = {g-\g-m). (6.18) 

E Bisections of groupoid 
By a bisection of a groupoid G one understands a subset a such that the 
restrictions s : a ^ B and t : a ^ B of the source map and target map to a 
are bijections of a on B. The set ?8(G) of all bisections of the groupoid G form 
the group if one defines the product of two bisections cti and (J2 as follows: 

{gh e G; (.9, h) e (ai x aa) n G^^)} (6.19) 

The identity element of the bisection group (*8(G),o) is just the identity 
section B ^ G^°h The map 

Q5(G) 3 a ^ (t|<,) o (sU)-i e SiiS 

is the group monomorphism. Therefore one can consider 05 (G) as a subgroup 
of the group Bij B of bijections of B. 

A local bisection of a groupoid G is a subset a C G such that s : a ^ B 
and t : cr — )• S are injections on a into -B. The maps 

tos"^: s(cr) t(c7) and sot"^: t{a) ^ s{a) (6.20) 

are partial bijections of B. They define the inverse subsemigroup ^ioc{G) C 

Bpart{B) of the inverse semigroup Bpari{B) of all partial bijections of B. One 
calls 5B(oc(G) the inverse semigroup of local bisections. Let us recall that the 
semigroup product in Bpart{B) is just the superposition of partial bijections. 

Let us remark a motivation to use terms "bisection" and "local bisection" is 
that (s|^)-i : B ->-a CG ((t|<,)-i : S a C G) and (s|<,)-i : s{a) -)■ a C G 
((tlff)"^ : t{a) a C G) are section and local section of the bundle s : G ^ B 
(t : G B). 
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